The 'semi-indirect' method of Saint Venant is applied to determine directly (i.e. without explicit reference to strains) distributions of stress in complete solids of revolution (e.g. twisted shafts of non-uniform diameter, axially symmetrical systems such as pressure vessels) and in incomplete tores (e.g. helical springs of small pitch, beams of large curvature, and hooks). The paper is intended as a prelude to approximate but general treatment by relaxation methods; consequently only simple examples are considered, but a comparison is made with earlier solutions less suited to a 'relaxation' approach.
Introduction and summary
This paper records investigations started more than 20 years ago, but not then brought to publication for the reason th a t their boundary con ditions seemed to oppose insuperable difficulties to an orthodox attack. Recent extensions of the Relaxation Method have gone far to remove those difficulties, and lately trial has shown them to be in fact surmountable. Consequently the analysis has now acquired utility, and it is set out here as a background to papers in course of preparation.
Other investigators (notably Michell 1899) have attacked the same problems, and in some instances by treatm ent similarly aimed a t direct determination of the stresses, without explicit reference to strain. Since each of the six stress components is biharmonic in Cartesian co-ordinates x, y, z , and since (in Love's notation)
= X x + Yy + Zz
is harmonic in the same co-ordinates, so that V2<9 = 0, it was not to be expected th at a new investigation would lead to substan tially different results. But although the stress functions of this paper have general similarity with those of the earlier solutions, they do exhibit certain differences, and in particular their boundary conditions are better suited toApplications are not described for the present, since the purpose of this paper is to provide references for future work. But it may perhaps have some theoretical interest of its own, as a systematic examination of those cases in which, for cylindrical co-ordinates r, 6, , the general problem of elastic equilibrium can be reduced by reasonable assumptions to one involving only two independent variables.
The cases treated are five in number, viz.
Problem (i, 1) a :Torsional stresses in an incomplete tore ( § § 9-10).
Problem (i, 1)6: Torsion of a circular shaft having non-uniform diameter ( §H) .
Problem (i, 2) a: Symmetrical strain in a solid of revolution ( § § 16-17) .
Problem (i, 2) 6: Flexural stresses in an incomplete tore ( § § 18-19) .
Problem (ii): Shearing and flexural stresses in a toroidal 'hook ' ( § § 24-27).
To each a formal solution is obtained, illustrated by a simple example,* and compared with earlier solutions. I t does not appear th a t any general treatm ent of Problem (ii) has been given previously.
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I. General theory
The governing equations
1.
The stress components in an isotropic elastic body, in equilibrium and free from body forces, satisfy three stress equations of equilibrium, typified by d'X dxy + t / + -5 ? = 0 ' (i) and six 'conditions of com patibility',+ typified by 1 d2& va^+ r +-Y^ = ° ( 2) and by î n which cr stands for Poisson's ratio and = + + Z", so th a t V2< 9 = 0 according to the three equations typified by (2).
* With the exception of Problem (i, 1 ) a : ef. § 28. f These must be satisfied in order that the accompanying strains may be com patible with single-valued displacements.
For the purpose of this paper cylindrical co-ordinates (r, 0, are more appropriate than Cartesian (x,y,z) . In this system the stress equations (1) are replaced (Love 1927 and equations of compatibility can be deduced without difficulty from the formulae for transformation of stress components (Love 1927, §49) , the scheme being 
so that S = S + 00 + 2:2 satisfies (4) as before. Then from (2) and (3), which must be satisfied iden tically by (8), we have
(rf^) 0, and ^® + [ v2~g & + 7 j f e ( i f^) =°-
These are the conditions of compatibility expressed in cylindrical co ordinates.
The boundary conditions

3.
The boundaries which concern us in this paper are surfaces generated by rotation about Oz of curves such as CD, L M N (figure 1). The traction a t any point on a boundary may be specified by its components vv, vs and vd, 6 denoting as before a direction perpendicular to the axial plane, v the outward-drawn normal to the generating curve, and s being measured along th a t curve in a direction such th a t v, s, 6 are related with z, r, 6 by the scheme of transformation
Hence we have the relations 
as boundary conditions in our problems.
(i) Stress systems which are independent of 6 4. Equations (5), (10) and (12) are entirely unrestricted, and we shall not attem pt their general solution in this paper. Instead, by restrictive assumptions which reduce the number of the independent variables from three to two, we now derive from them governing equations for several problems which have practical importance. ystems in solids of revolution
Figube 1
Thus assuming that all stress components are independent of 6, we have
and as simplified forms of (5), and
as simplified forms of (10). As before = fr + 06 + zz, but now in place of the third of (7) we have
The boundary conditions (12) are not altered, but the applied tractions must of course be independent of 0.
(i, 1). Stress systems entailing equivoluminal strain 5. We observe th at in (13) and (14), as also in (12), rd and Oz are entirely independent of fr, 00, zz and zf. Consequently fu effected by making one of two assumptions: either th at fr, 00, vanish everywhere, so th at the strain is equivoluminal; or th a t Oz, rO vanish every where, so th at axial sections remain plane.
Making the first assumption, we postulate th a t fr = 00 = zz = zr = 0,
everywhere. The equations (13) reduce to one, viz.
( r 2.r §) + ^( r 2.fe) = 0,
and of the six equations (14), since (9 = 0 by (16), only two are not satisfied identically, viz. 
(i, 2). Stress systems in which no tangential stress is operative on axial planes.
6.
Making the second assumption of § 5, we simplify the general equations on the assumption th at Oz = fO = 0.
Then, of the three equations (13), the first and last are unaltered but the second is satisfied identically. Of (14), the third and sixth are satisfied identically, the remainder are unaltered. Of the boundary conditions (12), the second is satisfied identically.
(ii) Systems in which the stress components have or cos 6 as a factor. and equations (10) 
In the boundary conditions ( § 3) our assumption requires th at vr, v z cc sin 6, v6 oc cos 6.
The forms of the boundary conditions (12) are unaltered if the factors sin 6, cos 6 are again omitted.
II. F ormal solutions
8.
We proceed to derive formal solutions of the simplified problems of § § 5-7, and to consider their practical application. Discussion from the standpoint of relaxation methods is reserved for a subsequent paper.
Here the equations to be solved are (17)- (19) of §5. Combining (17) and (18), we deduce th a t r2.r0 = r 2.<9z = -|^, dz where 0 is some function satisfying the equation r a2 3 0 a2"i , .
. . .
The first and second of (19) require th at 
Accordingly on an unloaded boundary (vO being zero) we have
Torsional stresses in an incomplete tore ( (i, l)a ) 9. A case of some practical importance is obtained when the boundary is unloaded and consists of a single closed curve ( , figure 1 ). Here the constant in (30) is immaterial, since it implies-according to (27)-a constant addition to (j), which will not affect the stress components. Ac cordingly we may replace (30) Consequently the only action on a cross-section is a force Z given by (32), with line of action Oz. Knowing Z we can use (32) to determine A. Thus the solution of case (i, 1) a gives a stress system w from shearing actions, suitably distributed over the terminal sections, of which the resultants are directed along the axis of the tore. Actions of this kind are exerted when a helical spring of small pitch withstands tension or compression, and in practice it is customary to regard the coiled wire as subjected to pure torsion and to compute the stresses by the torsion theory of Saint Venant. Our solution is a closer approximation, making allowance for the wire's initial curvature by the term -^ ~ in (27). I t will be for all practical purposes exact when the pitch of the helix is small.
Torsion of circular shaft with non-uniform diameter (
(i, 1)6) 11. In order th a t A in (27) may be non-zero, the elastic body must be an incomplete solid of revolution. This can be demonstrated as follows: If u, v, w are component displacements in the directions of r, 6, the stressstrain relations require th a t l_0£ = ^= £ I 0 M m ) ) r3dz r r rd " \d r \r j
/i denoting the modulus of rigidity. Hence, eliminating v/r, we have
according to (27); and integrating (ii) with respect to 6 we obtain a cyclic ex pression for the quantity in twisted brackets unless A is zero, so th a t (27) and (27 a) are replaced by ■j52_3_0 a n dr2 r dr ^ J ^ ( 33) Combined with (31) this equation would require the stresses as given by (26) to vanish everywhere, since it implies th a t (34) and the contour integral vanishes when (31) is satisfied. Consequently no solution for a complete tore is derivable from (33).
When, on the other hand, vO is non-zero over some p art a t least of the boundary, the same is true of (j) as determined by (29), stresses are entailed in the solution to (33). An example of practical im port ance is the torsion of a circular shaft (either solid or tubular) of which the diameter varies along its length.
12.
Here the equations to be solved are (cf. §6) the first and third of (13) and the first, second, fourth and fifth of (14), O and V2 having the significance given in (9) and (15) respectively. The boundary conditions to be satisfied are the first and third of (12) and it follows that we may write
d r\ 1 + cr and replace the second of (36) by ( The first and second of (14) have been satisfied, and the fourth will be satisfied when V20 has been made to vanish. The fifth can be replaced by when we substitute from (39), showing that we may write
where < f)2 stands for any solution of the equation -d2< /) = 0.
14. We turn now to the equations (13) of equilibrium. The third is equivalent to reducing, when we substitute from (37) and (40) 
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Accordingly we may write ( xjrbeing an unrestricted function dis
and then, since # 20 2 = 0 and V2(9 = 0, we have
whence $ 2i/r = const. = 2 (say).
Equation (40) can now be replaced by r-zr = and the first of (39) by
This means th at we can write 0r r dr 2 d2xf dz2 -2^4, by (42). 
15. Modifying our expressions in the light of these results, we have from the first of (36) Fr + S& 1 8 *A from the second of (39) r dr 2 ' (37) and (41) r . B = ^J ( l + cr)#2A -^J , and from the last of (44) All of equations (14) are satisfied by these expressions, also the last of (13); but we have still to satisfy the first of (13).
(46)
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Adding the first and second of (46), we have _ 1 02A , 0 dr r dz2 ^ dr ( » • drr 1 [ "02 2 0_ 2"1 02A 1 [ -02 3 0 41 dr r IJ r 2' r dr r2_J dz2 + 2r 1dr2' r dr ^ r2J whence from the second of (46) again we have fr -60 _ I" 1 0 r | jr 2 dr r3J \dz2
and from the last of (46) 1 02 r 2
Adding, we find th at the expression on the left of the first of (13) In all of these expressions ft2 carries the significance given in (38).
Symmetrical strain in a complete solid of revolution ( (i, 2) a)
16. Here as in § 11 we must ex elude the possibility of cyclic displacements. In a complete solid of revolution (by symmetry) there can be no displacement perpendicular to axial planes, consequently the extension corresponding with 00 is u / rs imply, and we have
2(fr -66) -r jfr + -(fr -00) -0 j .
Substituting from (46) and (49) in this equation, we deduce th a t in (46), (49) and (50).
Moreover the terms in C and G may be sup desirable) on the ground th a t they can be incorporated as additions to A. For an addition
and so entails (on the whole) no addition to zr, To ( it makes, according to (49), an addition 
A denoting a function which satisfies the equation 
Flexural stresses in an incomplete tore ( (i, 2) 18. When the solid of revolution is not complete (so th at cyclic displace ments are not excluded) A is no longer required to vanish in (46), (49) and (50), but the argument of §16 still justifies suppression of the terms involving C and G.
If in addition we replace A by y, where
then zz, zr will be left unaltered provided th at at the same time we suppress the term A z2 in the last of (46) fi denoting a function of r and z which satisfies the equation
according to (45), when &2 has the significance stated in (38).
19. A practical application of this solution is presented by a curved bar (incomplete tore) which is strained by stresses applied to its terminal sections only. Here vr, vO, vz vanish Also | j z .66drdz = J J j-(zr.fr -r2 j drdz,
-0, by th e first and second of (58).
Therefore the action on every section is a couple with axis directed along ()z. Its magnitude is j j r . ffiir d z = ' 13/1 according to (56).
20. Here no stress component vanishes everywhere, so greater difficulty is presented. The equations to be solved are (22) and (23), with boundary conditions as described in § 7. We shall find it convenient to write 02 J[0 02 for the o p e r a to r^-0
3 0 02
for the o p e ra to rT hen, V2 being defined by (24), we have 0,2 1 3 1 9 <,2 v f -s r 55-r or r or
By addition of the first and second of (22) (61) and (63) in the fourth and fifth of (23) 
A being an arbitrary constant and/denoting a function as yet indeterminate. Then the first of (64) requires th a t
F being also indeterminate; and this means th at (i) may be replaced by
By writing xjr for r/r -0(z) -r ), where r^2 9 ^"12 we shall not alter the forms of (60), (61), (62) or (64) 
Thereby (60) and (61) 
F(z) denoting a new (undetermined) function of 2; and then we have from (67) r3
.Gd = -{Q + (2+or)Az}r2 + 2^~ -3^> -F(z)
and from (60) [■ -r,.
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These expressions, with (61), as they stand satisfy all of (22) when account is taken of the relations (65); and they also satisfy all of (23) provided th a t
F"{z) = 2 a (Q -A z). (70)
Stresses induced by load applied to a toroidal ' ' ( (ii)) 24. Case (ii) finds practical application in the design of hooks. Here (figure 2) the form of the elastic solid approximates to an incomplete tore merging into a cylindrical 'shank' ( S ) of which th with the line of application of the load ( The largest stresses occur in that cross-section (AB) which is perpendicular to the line of loading, and 'Saint Venant's principle'* permits us to assert th at they depend but little on the precise manner in which the load is applied or on the precise form of the hook near its point (P) or shank. Consequently a sufficiently exact theory can be based on the assumptions (a) th a t the hook may be replaced by an incomplete tore having a uniform cross-section similar to A B , (b) th at the tore is loaded by tangential stresses applied to those sections which contain the line of loading. This 'equivalent to re ' is indicated by bold lines in figure 2 .
Clearly, if 6 is measured from the upper loaded section CD, the assumptions stated in (21) are compatible with loading of the kind here contemplated. That is to say, the normal stress will attain maximum intensity on A B and will be zero a t the loaded sect reverse being true of rO and Oz. Expressions for rO, Oz from which the factor cos 0 is omitted give actual values of those stress components at the section 0 = 0, expressions for rr, 00, zz, zr from which sin 0 is omitted give actual values of those stress components a t the section 0 r.
25. The toroidal boundary of the hook is unstressed, so
in the relations (12), which (cf. § 7) are boundary conditions of our problem with the factors sin 0, cos 6 cancelled out. We now apply these conditions to define the undetermined functions which appear in (61), (68) and (69). The first and second of (12) 
Stress-systems
in solids of revolution
when we substitute from (60). Therefore on the boundary
a2r drdz
From the last of (12) we have const. = S (say).
1 020 00 COs{r'v )rted r + Ws = °' when we substitute from (61), or 00 02
in virtue of (71). Therefore on the boundary 0 = (say).
The first of (12) 
rdzdr dz
26. We shall satisfy the boundary conditions (71) and (72), and without contributing to any of the stress components defined by (61), if we make
t = Sz + T, ^r = S'-' ®
everywhere; and thereby we shall make no contribution to the other stress components as given by (68) and (69) with
(as is consistent with (70)), if a t the same time we make 0-satisfy the conditions
in which L(z)stands for the linear part of F(z) as obtained by integration of (70).
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Now the general solution of the second of (i) is }Js = \S zr2 + (function of r only) + (function of z only)' = \S z r 2 +fi(r ) + f2( z ) . say,
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and then |^= / a ( z ) ,
So we shall satisfy the first of (ii), together with the second and third of (65), provided th at r*Tr7*drfl{r) = C°n8t-J • <ivr)
Evidently (iv) are compatible with the second of (ii): so we incur no loss of generality if, retaining (61) and (65) unaltered, we replace (68) and (69) by r3
.rr -
and replace the boundary conditions (71)- (73) by
27.
Equations (61), (65), (75) and (76) constitute our formal solution of the hook problem. For equilibrium of the hook as a whole we must have
when rd,6z are the quantities so denoted in § § 7, 20-23, and when the surface integrals extend to the whole area of the cross-section; and by considering the implications of (21) as applied to the entire half-tore of figure 2 it can be shown that the resultant of rO, Oz must be direc requirements are satisfied can be established by appeal to the second and third of (22) We conclude th at the only resultant action which is compatible with the assumption (21) is a tension applied as shear stress a t those sections where fr, 00, zz, zr vanish severally, i.e. two opposed forces W of magnitude given by (77) and directed perpendicularly to the axis of revolution.
the point at which these forces cut Oz is not about the origin of magnitude (r .6z -z .rO) 
If
dr dz,
if the moment axis is taken in each instance as having the direction of 6 for the section considered, and if rO, Oz have the same significance as in' § § 7, 20-23. Thus two independent types of loading are covered by the assump tion (21), and an explanation is forthcoming of the two independent constants ( Qa nd A) in our solution.
III. Comparison with earlier solutions. Simple examples
28.
We conclude this paper with a brief review of our solutions from the historical standpoint.
Problem (i, 1 ( § §9-10) This problem was investigated by Michell (1899), w^° gave exact solu tions for a family of approximately circular cross-sections, also some discus sion (not extending to quantitative results) of rectangular cross-sections. His paper indicates the practical application to helical springs of small pitch (cf. § 10). I t starts from displacements in formulating the governing equations, and for approximately circular cross-sections it presents dia grams exhibiting the warping of cross-sections under load. Its formal solution covers aeolotropy of an axially symmetrical kind, becoming equivalent to th at of § §9-10 in the special case of isotropic material.
The problem was also studied by O. Gohner (i 930-1), with results which have been reviewed by Timoshenko (1934) . In place of an exact solution for an approximation to the desired boundary, Gohner sought the solution for an exactly circular, elliptical or rectangular boundary by a process of successive approximation.
No simple solution (having any practical interest) seems to have been discovered.
29.
This problem too seems to have been first solved by Michell (1899) , who derived it as a particular case of his solution for incomplete tores, but gave no quantitative results. Rediscovery of the solution by Foppl (1905) led to studies by Willers and others which have been reviewed by Love (1927, §226 A) and by Timoshenko (1934) .
Stress-systems in solids of revolution
Figure 3
An obvious solution of equation (33) According to (30) any spheroid generated by rotation about of an ellipse of the family r2 + 2 will be a possible boundary. The stress system (79) could be generated by suitable tractions applied to the surface of a small hole drilled con centrically with the axis of symmetry (figure 3). § 16-17) 30. This problem was solved by Love (1927, §188) in a treatm ent starting from deflexions: his work is reproduced by Timoshenko (1934) , who gives further references. Michell (1899) showed the problem to be a special case of the problem of flexure for incomplete tores (cf. § 16), but made no attem pt to deal quantitatively with particular cases.
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The formal solutions of Love and Michell differ both from one another and from the solution given in (52). Love's solution makes rr + 66 fr -60 These expressions become identical with (52) if
and (81) are evidently compatible in virtue of the equations governing A and y. Michell s solution is a special case (/? = 0) of his solution discussed below ( §32).
31.
The well-known expressions for the stresses induced by pressures applied to the surfaces of a uniform tube can be deduced from (52) by writing
-tnese expressions being compatible both with (45) and with one another. For then we have fr + dd = 2 rr -06 = -2C/r2 -zr = 0, zz = 2 -B), j and the constants A, B and C can be adjusted to satisfy the boundary conditions. Another simple solution, in which all four of the stress components (52) are non-zero, is th at which gives the effect of a small spherical hole upon an otherwise uniform tension. This was propounded in a paper (Gough & Southwell 1926 ) which attem pted to explain the occurrence of 'spiral' fractures in crankshafts. 
32.
Michell's treatm ent of this problem started as before from dis placements, and it terminated with a formal solution of the governing equations-no quantitative results were obtained. In our notation his stress function xjr satisfies the equation 
A and pi being Lame's elastic constants. These are reconcilable with (56) provided th a t -crB = pifi, ) where C is constant, B is the constant in equation (57), and Q (to obviate confusion with Michell's use of pi) is substituted for th (57). The relations (86) are compatible with one another and with (57) and (84), so Michell's solution and ours can be identified.
33.
A simple case of the general solution (56) is obtained by assuming conditions of plane stress, viz.
zzz/r -
Then, according to (56), we have d2ju 02 2 (l+<r) &2pi 4-const.,
and combining this equation with (57) we deduce th a t 
C, D, E, F being constants of integration. This can be combined with (i) to determine the form of pi. The last step is not necessary to the finding of expressions for the stress components; for on substituting in (56) from (i) and (iii) we have rr + 66 = 2( 1 + a) ( Cz + E -crB log r),
( 1 + cr) B + 2 cr2B ^ (const. + (1 -(zD + F)}, -
zz = zr -0.
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Neglecting the terms in z , and adjusting the constants so vanish at two radii a and b, we deduce for the stresses in angular section the expressions which agree with the solution of Golovin (1881) as quoted by Timoshenko (1934, §23) . This special case of Problem (i, 2)6 has also been solved by Ribiere (1889) and Guest (1918) .
Timoshenko (1934, §112) also summarizes a treatm ent by Gohner of Problem (i, 2)6 as relating to circular cross-sections. The method adopted was one of successive approximation (cf. § 28).
34.
I t does not appear th a t any completely general treatm ent of this problem has been given previously. Timoshenko's account (1934, §27) of work published in Russian by Golovin (1881) suggests th a t his investigation was restricted to hooks of narrow rectangular cross-section (a case of plane stress).
This case may be treated on the lines of § 33. Assuming th a t we deduce from (61) th a t ^ is a function of 2 only, therefore must vanish everywhere in virtue of the first of (76). Then from (61) again we have (87) Problem (ii) ( § §24-27) zz -zr = 0, everywhere,
= 0, everywhere, d2\p~ ( ii) so that 6z also vanishes-, and from the first and second of (65) we have ij/ = o, r*i i JU f f=2Q + 2Az.
(iii) Equation (ii) requires xfr to have the form f = so we have (iv) where, in virtue of (iii), Grateful acknowledgment is due to Mr F. S. Shaw for his kindness in preparing the diagrams which accompany this paper.
